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A linear process in wall-bounded turbulent shear flows
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A linear process in wall-bounded turbulent shear flows has been investigated through numerical
experiments. It is shown that the linear coupling term, which enhances non-normality of the
linearized Navier–Stokes system, plays an important role in fully turbulent—and hence, nonlinear
—flows. Near-wall turbulence is shown to decay without the linear coupling term. It is also shown
that near-wall turbulence structures are not formed in their proper scales without the nonlinear terms
in the Navier–Stokes equations, thus indicating that the formation of the commonly observed
near-wall turbulence structures are essentially nonlinear, but the maintenance relies on the linear
process. Other implications of the linear process are also discussed. ©2000 American Institute of
Physics.@S1070-6631~00!00708-X#
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The transient growth due to non-normality of the eige
modes of the linearized Navier–Stokes (N–S) equations
received much attention during the past several years~see,
for example, Refs. 1–3!. It has been shown that the energy
certain disturbances can grow toO(Re2) in time proportional
to O(Re), where Re denotes Reynolds number of the flo2

It has been postulated that this transient growth, which
linear process, can lead to transition to turbulence at a R
nolds number smaller than the critical Reynolds number,
low which a classical linear stability theory based on t
modal analysis predicts that all small disturbances de
asymptotically. As such, some investigators attributed
linear process as a possible cause for subcritical transitio
some wall-bounded shear flows, such as plane Poise
flow and Couette flow.

Some investigators further postulated that the same
ear process is also responsible for the observed wall-la
streaky structures in turbulent boundary layers.1,4 The opti-
mal disturbance, which has the largest transient growth
cording to their optimal perturbation theory, looks similar
the near-wall streamwise vortices that create the stre
structures in turbulent boundary layers. However, this o
mal disturbance occupies the entire boundary layer, in c
trast to the streamwise vortices in turbulent boundary lay
which are confined to the near-wall region. In order to rel
their optimal perturbation theory to those structures obser
in turbulent boundary layers, a time scale corresponding
the bursting process in turbulent boundary layers, which
essentially a nonlinear process, was introduced as an a
tional parameter.4 It has been argued that the transie
growth in turbulent boundary layers would be disrupted
turbulent motions on a time scale corresponding to the bu
ing process, which is smaller than the viscous time scale,
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hence, the globally optimal disturbance will never have
chance to grow to its maximum possible amplitude. The
tion that commonly observed wall-layer structures are rela
to a linear process, although it is the nonlinear process
determines the proper length scale, suggests that the s
linear process may play an important role in fully nonline
turbulent boundary layers.

Other evidence that a linear process may play an imp
tant role in turbulent boundary layers can be found in
work of Joshiet al.5,6 and others,7,8 who successfully applied
controllers developed based on a liner system theory to
nonlinear flow in their attempt to reduce the viscous drag
turbulent boundary layers. Bewley9 applied linear optimal
control theory to a nonlinear convection problem. Althou
it is not clear how controllers based on a linearized mo
work so well for nonlinear flows and it is a subject of furth
investigation, these results suggest that the essential dyn
ics of near-wall turbulence may well be approximated by
linear model.

Motivated by the above findings, we investigate the ro
of this linear process in fully nonlinear turbulent flows.
particular, we investigate the role of the linear coupling te
~see below for its definition!, which is a source of the non
normality of the eigenmodes of the linearized Navier–Sto
equations, in wall-bounded shear flows, using a turbul
channel flow as an example.

In this Letter, we shall use (x,y,z) for the streamwise,
wall-normal, and spanwise coordinates, respectively,
(u,v,w) for the corresponding velocity components. Re
nolds number, Ret , is based on the wall-shear velocity,ut

5Atw /r, and the channel half-width,h, where tw

5ndU/dyuw is the mean shear stress at the wall, andU, n,
and r denote the mean velocity, viscosity, and density,
5 © 2000 American Institute of Physics
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spectively. The superscript ‘‘1’’ denotes quantities nondi
mensionalized byn andut .

Representing the wall-normal velocity,v, and the wall-
normal vorticity, vy , in terms of Fourier modes in th
streamwise (x) and the spanwise (z) directions, the linear-
ized N–S equations can be written in an operator form

d

dt F v̂

v̂y
G5@A#F v̂

v̂y
G , ~1!

where

@A#5FLos 0

Lc Lsq
G , ~2!

and the hat denotes a Fourier-transformed quantity. H
Los, Lsq, andLc represent the Orr–Sommerfeld, Squire, a
the coupling operators, respectively, and defined as

Los5D21~2 ikxUD1 ikx ~d2U/dy2! 1 ~1/Re! D2!,

Lsq52 ikxU1 ~1/Re! D, ~3!

Lc52 ikz ~dU/dy! ,

wherekx andkz are the streamwise and spanwise wave nu
bers, respectively,k25kx

21kz
2 , D5]2/]y22k2, andU is the

mean velocity about which the N–S equations are lineariz
Note that the full nonlinear N–S equations can be writ
also as

d

dt F v̂

v̂y
G5@A#F v̂

v̂y
G1F Nv

Nvy

G , ~4!

where all nonlinear terms are lumped intoNv andNvy
. The

operatorA in this case, however, is a function ofv andvy ,
becauseU depends onv andvy .

It has been shown that operatorA in Eq. ~2! is non-
normal, and hence, its eigenmodes are nonorthogonal,
allowing a transient growth of energy even if all individu
modes are stable and decay asymptotically.1,3 Note that the
coupling termLc vanishes for two-dimensional~2-D! distur-
bances (kz50), and therefore, there is no coupling betwe
v andvy for 2-D disturbances. For 3-D disturbances, ho
ever,v evolves independently, butvy is forced byv through
the coupling term. It should be noted thatLos itself is not
self-adjoint, and hence, 2-D disturbances can have a tran
growth, but it was shown that 3-D disturbances have m
larger transient growth due to the coupling term, whi
causes larger non-normality. In the present study, we con
trate on the role of the coupling term in fully nonlinear tu
bulent flows, using a fully developed turbulent channel flo
as an example.

In order to investigate the role of the coupling term
fully turbulent flows, we proceed to solve the followin
modified nonlinear equations:

d

dt F v̂

v̂y
G5FLos 0

0 Lsq
GF v̂

v̂y
G1F Nv

Nvy

G . ~5!

This modified system can be viewed as representing a
thetic turbulent flow without the coupling term, or a turb
re
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lent flow with control by which the coupling term is sup
pressed. For instance, surface blowing and suction activ
to eliminate ~reduce! the spanwise variation ofv ~i.e.,
]v/]z) could eliminate~reduce! the effect of the coupling
term.

A spectral channel code similar to that of Kimet al.10

was used to solve the above modified nonlinear equatio
To further contrast the role of the coupling term, we used
modified N–S equations only in the upper half of the chan
and the regular N–S equations in the lower half of the ch
nel. We used the same Reynolds number (Ret5100) and
grid (32365332 in x,y,z) as Leeet al.11

In the first numerical experiment, we used a regular t
bulent velocity field obtained by Leeet al. as our initial field.
Starting from this initial field, we integrated in time to se
how the turbulent flow in the upper half of the chann
evolves in the absence of the coupling term. Time evolut
of the mean shear at both walls is shown in Fig. 1, wh
illustrates a drastic reduction in the wall shear without t
coupling term. Several snapshots of the velocity field
shown in Fig. 2, where contours of streamwise vorticity in

FIG. 1. Time evolution of mean shear at wall: , upper wall; ,
lower wall. Thick lines are for a regular channel flow, while thin lines a
for a channel flow withLc50 in the upper half of the channel starting from
t150.

FIG. 2. Contours of streamwise vorticity iny2z plane:~a! t150; ~b! t1

520; ~c! t15200. 280,vx,80 with 18 contour levels. Note thatLc50
only in the upper-half of the channel.
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y2z plane are shown to illustrate the effect of the coupli
term on turbulence structures. It is evident that streamw
vortices quickly disappear without the coupling term. T
reduction of the wall shear in conjunction with the disappe
ance of the streamwise vortices is a common feature of m
drag-reduced turbulent flows.11 Turbulence intensities show
in Fig. 3 indicate drastic reductions without the coupli
term.

In the second numerical experiment, we used an ini
velocity field consisting of the same mean velocity as
first experiment but with random disturbances, and hen
there are no organized turbulence structures present initi
A divergence-free white-noise spectrum was used for
purpose. The amplitude was chosen such that neither
decay too quickly~too small! nor they cause a numerica
instability due to non-smoothness of the initial condition~too

FIG. 4. Contours of streamwise vorticity iny2z plane att1520, started
from an initial random field:~a! Case 1, regular turbulent flow;~b! Case 2,
without the linear coupling term,Lc ; ~c! Case 3, without the nonlinea
terms. Contour levels are the same as Fig. 2.

FIG. 3. Root-mean-square turbulence intensities: , Au2; - - - -, Av2;

—•—•—, Aw2. Thick lines are fort150, while thin lines are fort1

5180.
e

-
ny

l
e
e,
ly.
is
ey
large!. Starting with the same random initial field, three d
ferent simulations were carried out: Case 1, with the f
nonlinear N–S equations~i.e., regular turbulent flow!; Case
2, with N–S equations without the linear coupling term
Case 3, with N–S equations without the nonlinear terms~i.e.,
linearized N–S!. The purpose of these simulations is to i
vestigate whether the linear coupling term is indeed resp
sible for formation of the streamwise vortices and near-w
streaks, and if so, whether the time scale associated with
formation of these structures corresponds to the bursting
cess (t1'100), as hypothesized by Butler and Farrell.4

Time evolution of the three velocity fields is shown
Figs. 4–6 with streamwise vorticity contours in ay2z plane.
Organized structures are discernible in all three cases
early ast1520 ~Fig. 4!, but they look different from each
other. For Case 3~without the nonlinear terms!, the struc-
tures that appear from the structureless random initial co
tion have larger spanwise scales than those in the reg
flow ~Figs. 4 and 5!. For Case 2~without the linear coupling
term!, the vortical structures appear briefly~Fig. 4! but dis-
appear quickly, especially in the wall region~Figs. 5 and 6!,
since they cannot be maintained without the linear coupl
term as demonstrated in the first experiment mentio
above. For Case 1, the time for these structures to appe
shorter than that implied by the optimal disturbance mec
nism of Butler and Farrell.4 Note that the structures in Case
are already substantially different from those in Case 1
t1540, indicating that the effect of nonlinear terms is fe
much earlier than the eddy turnover time (t1'100) as pro-
posed by Butler and Farrell.4 The present result is also con
sistent with Jime´nez and Pinelli,12 who showed that the for-
mation of streaky structures can be prevented by damp

FIG. 5. Contours of streamwise vorticity iny2z plane att1540, started
from a random initial field. See figure caption in Fig. 4 for legend.
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(vvz) @the ( ) indicates streamwise average#, which is re-
lated to the linear coupling term. While both results clea
demonstrate the essential role of the linear coupling term
the formation and maintenance of the wall-layer strea
while the present work also indicates that a nonlinear mec
nism is responsible for producing the proper streak spac

We have used several different initial conditions to d
termine whether the above results depend on initial con
tions, but found no such evidence. It thus appears that b
the nonlinear terms and the linear coupling term are ne
sary for the formation and maintaining of these structure
their proper scale. The nonlinear terms are necessary fo
formation of streamwise vortices and the linear coupl
term is necessary to generate the wall-layer streaks, the
stability of which in turn strengthen the streamwise vortic
through a nonlinear process. In the absence of either me
nism, turbulence ceases to exist. The result of this sec
experiment is consistent with Hamiltonet al.13 and Waleffe
and Kim14 in that the formation of the streamwise vortices
a result of a nonlinear process.

We have demonstrated that the linear process assoc
with the coupling term plays an important role even in fu
nonlinear wall-bounded turbulent shear flows. Near-w
streamwise vortices, which play the essential role in the
namics of wall-bounded shear flows, are seen to be form
but cannot be sustained without the coupling term.

This result is consistent with the analysis by Hennings
and Reddy15 who showed that non-normality of the linea
ized Navier–Stokes operator is a necessary condition for
turbances to grow for Reynolds number below the criti
Reynolds number predicted by the traditional linear stabi
analysis. However, we believe this is the first direct dem

FIG. 6. Streamwise contours iny2z plane att1580, started from a ran-
dom initial field. See figure caption in Fig. 4 for legend.
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stration that turbulence~nonlinear disturbance! decays when
the non-normality of the underlying linear operator in no
linear flows is reduced. The time scale associated with
formation is found to be smaller than the bursting proc
used in the optimal perturbation theory. The fact that
coupling term plays an essential role in maintaining t
streamwise vortices, which have been found to be resp
sible for high skin-friction drag in turbulent boundary layer
suggests that an effective control algorithm for drag red
tion should be aimed at reducing the effect of the coupl
term in the wall region. In fact, the opposition control us
by Choi et al.16 can be viewed as a control scheme trying
reduce the effect of the coupling term by suppressing
spanwise variation ofv in the wall region. It should be in-
teresting to design a control algorithm that directly accou
for the coupling term in a cost function to be minimized.
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